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This note is an overview of the paper [2]. We evaluate integrals of polynomial functions
over orthogonal groups. Our main result is to obtain an explicit expression of the Weingarten
matrix, which plays a starring role in the evaluations.
§ 1.
d O(d) = {g ∈ GL(d, R) | tgg =
Id} dg O(d) gij g (i, j)
Received September 7, 2009. Accepted, February 1, 2010.
2000 Mathematics Subject Classification(s): 15A52, 43A90
Key Words: Weingarten calculus, orthogonal groups, zonal spherical functions
Partly supported by Grant-in-Aid for Young Scientists (B) No. 22740060.
∗ (Graduate School of Mathematics, Nagoya University), 464-
8602
e-mail: sho-matsumoto@math.nagoya-u.ac.jp
c© 2012 Research Institute for Mathematical Sciences, Kyoto University. All rights reserved.
114 Sho MATSUMOTO
i1, i2, . . . , ik, j1, j2, . . . , jk ∈ {1, 2, . . . , d}
Id(i1, i2, . . . , ik; j1, j2, . . . , jk) :=
∫
O(d)
gi1j1gi2j2 · · · gikjkdg.
k 0 d(−g) =
dg
Id(i1, i2, . . . , ik; j1, j2, . . . , jk) = (−1)kId(i1, i2, . . . , ik; j1, j2, . . . , jk)
k = 2n
Weingarten [13] d →∞ 2n
i1, . . . , i2n, j1, . . . , j2n
(1.1) Id(i1, . . . , i2n; j1, . . . , j2n) = C(i1, . . . , i2n; j1, . . . , j2n)d
−n + O(d−n−1)
C(i1, . . . , i2n; j1, . . . , j2n)
i1, . . . , i2n, j1, . . . , j2n C(i1, . . . , i2n; j1, . . . , j2n)
0 (1.1)








M(2n) 1, 2, . . . , 2n
M(2n) m {1, 2, . . . , 2n} 2 M(4)
3
(2.1) {{1, 2}, {3, 4}}, {{1, 3}, {2, 4}}, {{1, 4}, {2, 3}}.
1 Benoˆıt Collins [2]
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{{m(1), m(2)}, {m(3), m(4)}, . . . , {m(2n− 1), m(2n)}},
m(2i− 1) < m(2i) (1 ≤ i ≤ n), 1 = m(1) < m(3) < · · · < m(2n− 1),
(2.3) M(2n) 3 m 7→
(
1 2 3 4 ··· ··· 2n−1 2n
m(1) m(2) m(3) m(4) ··· ··· m(2n−1) m(2n)
)
∈ S2n
M(2n) S2n M(4) S4
( 1 2 3 41 2 3 4 ) (2 3) = (
1 2 3 4
1 3 2 4 ) 3- (2 4 3) = (
1 2 3 4
1 4 2 3 )
m, n ∈ M(2n) Γ(m, n)
Γ(m, n) 1, 2, . . . , 2n {m(2i−1), m(2i)}, {n(2i−1), n(2i)}
(i = 1, 2, . . . , n) Γ(m, n) 2
loop(m, n) ∈ {1, 2, . . . , n} Γ(m, n) loop(m, m) =
n
2.1. M(6) 2 m = {{1, 3}, {2, 5}, {4, 6}}, n = {{1, 6}, {2, 5}, {3, 4}}
















— j i, j {i, j} ∈ m
2.2. d, n G
O(d)
n = (GO(d)(m, n))m,n∈M(2n)






















2.4. A m× n
(AB)∗ = AB, (BA)∗ = BA, ABA = A, BAB = B
n×m B [11] B A
A B = A−1




























if d = 1.
§ 2.3. Collins-S´niady
Id(i1, . . . , i2n; j1, . . . , j2n)
m ∈ M(2n) i1, i2, . . . , i2n(
m










0 1 {p, q} ∈ m ⇒ ip = iq
1
2.7 (Collins-S´niady [3]. Collins-Stolz [4] Collins-M [2] ).
i1, . . . , i2n, j1, . . . , j2n {1, . . . , d}∫
O(d)







i1, i2, . . . , i2n
)(
n
j1, j2, . . . , j2n
)
.
. V = Cd e1, . . . , ed g = (gij)1≤i,j≤d







j1, . . . , j2n
)
ej1 ⊗ · · · ⊗ ej2n
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m = {{1, 3}, {2, 4}} ∈ M(4) ρ(m) = ∑j1,j2 ej1 ⊗ ej2 ⊗ ej1 ⊗
ej2 ∈ V ⊗4 V V ⊗2n
(2.4) GO(d)(m, n) = 〈ρ(m), ρ(n)〉, m, n ∈ M(2n),
1
O(d) V ⊗2n
g.(v1 ⊗ · · · ⊗ v2n) = (gv1)⊗ · · · ⊗ (gv2n), g ∈ O(d), v1, . . . , v2n ∈ V
[V ⊗2n]O(d) = {v ∈ V ⊗2n| g.v = v (∀g ∈ O(d))}
{ρ(m) | m ∈ M(2n)}




g.vdg, v ∈ V ⊗2n,
P [V ⊗2n]O(d) P∫
O(d)
gi1j1 · · · gi2nj2ndg = 〈ei1 ⊗ · · · ⊗ ei2n , P (ej1 ⊗ · · · ⊗ ej2n)〉
[V ⊗2n]O(d) P (ej1 ⊗ · · · ⊗ ej2n) ρ(m)
P (ej1 ⊗ · · · ⊗ ej2n) =
∑
m,n∈M(2n)
〈ρ(n), ej1 ⊗ · · · ⊗ ej2n〉WgO(d)(m, n)ρ(m)
〈ρ(n), ej1 ⊗ · · · ⊗ ej2n〉 =
(
n






m0 = {{1, 2}, {3, 4}}, m1 = {{1, 3}, {2, 4}}, m2 = {{1, 4}, {2, 3}}
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if i = j
−1































= 1 m =

























































l = {{1, 2}, {3, 4}, {5, 6}, {7, 8}, {9, 10}} ∈ M(10). WgO(d)(l, l)










d5 + 11d4 + 5d3 − 175d2 − 122d + 408
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§ 3.
Macdonald [5, VII-1,2] Stembridge [12]
§ 3.1. Hn
S2n 2n Hn ⊂ S2n Hn S2n
(1 2)(3 4) · · · (2n− 1 2n) :
Hn = {ζ ∈ S2n | ζ(1 2)(3 4) · · · (2n− 1 2n) = (1 2)(3 4) · · · (2n− 1 2n)ζ}.
Hn (2i− 1 2i) (2i− 1 2j − 1)(2i 2j) S2n
Hn S2 o Sn = (S2)n o Sn Bn
|Hn| = 2nn!



















Hn = {f : S2n → C | f(ζσζ ′) = f(σ) (∀σ ∈ S2n, ∀ζ, ∀ζ ′ ∈ Hn)}.
§ 3.2.
σ ∈ S2n 1, 2, . . . , 2n {σ(2i−1), σ(2i)}, {2i−1, 2i} (i =
1, 2, . . . , n) Γ(σ) {σ(2i − 1), σ(2i)}
{2i−1, 2i} i, j {σ(2j−1), σ(2j)} =
{2i − 1, 2i} 2i − 1 2i 2
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Γ1, . . . , Γs Γ(σ) Γj 2αj
α1, . . . , αs n ρ = (ρ1, . . . , ρs) ρ σ
(coset-type) Ξ(σ) = ρ
§2.1 Γ(m, n) Γ(m−1n)
loop(m, n) Ξ(m−1n)




















— j i, j i
red
— j
) 6, 2 σ Ξ(σ) = (3, 1) ` 4
.
Γ(σ) [5, VII (2.1)] :
σ ∈ S2n Ξ(σ−1) = Ξ(σ) σ, τ ∈ S2n
Ξ(σ) = Ξ(τ) ⇔ HnσHn = HnτHn.
S2n Hn- ρ ` n





H(1n) = Hn Hn
Hn = {f : S2n → C | ρ ` n f Hρ }
§ 3.3.
(S2n, Hn) 2n µ χ
µ
S2n f
µ = χµ(id) fµ µ
λ ` n 2λ = (2λ1, 2λ2, . . . ) (S2n, Hn)







χ2λ(σζ), σ ∈ S2n
{ωλ | λ ` n} Hn ωλ Hρ ωλρ
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l = `(ρ) ρ = (ρ1, ρ2, . . . , ρl)
pρ =
∏l




2 + · · ·
λ ` n (zonal polynomial) Zλ







µ = (µ1, µ2, . . . ) mi(µ) =






λ α = 2 [5, VII (2.23)] Zλ
Zλ(1


















4.1 (Collins - M [2]). m, n ∈ M(2n)(⊂ S2n)









WgO(d)(m, n) m−1n d ≥ n
n d →∞
4.2 (d = 1). χ(2n) ≡ 1 ω(n) ≡ 1 Z(n)(11) =
∏n
j=1(2j−











O(1) = {±1} §2.4 WgO(1)
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4.3 (n = 2, d > 1). f (4) = 1, f (2
2) = 2, Z(2)(1
d) = d(d + 2), Z(12)(1
d) =
d(d− 1) ω(2)(12) = ω
(2)
(2) = 1, ω
(12)
(12) = 1, ω
(12)
(2) = − 12
m, n ∈ M(4) Ξ(m−1n) m = n (12)






















[10] n 12 [2]
n ≤ 6 WgO(d)(m, n) (m, n ∈ M(2n))
















(4.2) GO(d)n ·WgO(d)n ·GO(d)n = GO(d)n , WgO(d)n ·GO(d)n ·WgO(d)n = WgO(d)n







































f2λωλρ Zλ(x1, x2, . . . , xd), ρ ` n.















d)ωλ(m−1n), m, n ∈ M(2n),
(4.1) 4.4














f2λωλρ , ρ ` n
m
−1
n (1n) m = n










5.1 (Collins - M [2]). k, d, n k ≤ d∫
O(d)


































. 5.1 k = 1 gij g11





d ) d →∞ (2n− 1)!!
{Xd}d=1,2,... Z
Z 0 1 N(0, 1)
§ 5.2.
m, n ∈ M(2n) 4.1 (4.5) d →∞
(5.2) WgO(d)(m, n) = δm,nd
−n + O(d−n−1)
2n i1, . . . , i2n, j1, . . . , j2n∫
O(d)







i1, i2, . . . , i2n
)(
m
j1, j2, . . . , j2n
) d−n + O(d−n−1)
Weingarten ([13]) (1.1)
(5.2)
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SO(d) = {g ∈ O(d) | det(g) = 1}
µSO(d)(dg)
5.4. i1, . . . , ik, j1, . . . , jk ∈ {1, 2, . . . , d} d > k∫
SO(d)
gi1j1 · · · gikjkµSO(d)(dg) =
∫
O(d)
gi1j1 · · ·gikjkµO(d)(dg).
. d > k i1, i2, . . . , ik p ∈ {1, . . . , d}
g1 ∈ O(d) (p, p) −1 1

















































µSp(2d)(dg) Sp(2d) λ ` n
Z ′λ



















(2d− 2i + j + 1).
6.1. i = (i1, i2, . . . , i2n), j = (j1, j2, . . . , j2n) {1, . . . , d}































λ ∪ λ = (λ1, λ1, λ2, λ2, . . . )
twisted (S2n, Hn, sgn|Hn)
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d ≥ n








2, . . . , i
′




2, . . . , j
′
n
{1, 2, . . . , d} ∫
U(d)



























(i,j)∈λ(d + j − i)
sλ
§ 6.3.
J1, . . . , Jn (JM Jucys-Murphy element)
Sn C[Sn]








6.3 (M - Novak [9]). d ≥ n
WgU(d)n = (d + J1)
−1 · · · (d + Jn)−1 =
∞∑
k=0
(−1)khk(J1, . . . , Jn)d−n−k.
hk : hk(x1, . . . , xn) =
∑
1≤i1≤···≤ik≤n


















6.4 (Zinn-Justin [14]. M [7] ). d ≥ 2n− 1
Wˆg
O(d)
n =(d + J1)
−1(d + J3)
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